Many optimisation problems in finance and economics are difficult to solve. These models have multiple local optima or discontinuities in their objective functions. In such cases it is often stressed that 'good starting points are important'. This statement in itself is both trivial and useless: trivial if it is to imply that there exist good starting values (just pick the global minimum as the starting value); useless if no further advice is given how to find such good starting values.
Starting values can often be derived from economic or mathematical intuition about the problem. But the subtleties of numerical representation and the iterative nature of optimisation algorithms make it unpredictable whether a 'good starting point' really leads to the global optimum or not (see Nash, 1990, pp. 146-147; McCullough and Vinod, 1999; McCullough and Renfro, 2000; McCullough and Vinod, 2003 and the various responses; McKinnon, 1998) . Even a run from a starting point close to the global optimum is practically not guaranteed to converge.
But fortunately, we do not need to know good starting points. We can simply restart the algorithm from different starting values, and then keep the best result. In this note, we demonstrate such an experiment, calibrating a yield structure model. We show that while 'good starting values' suggested in the literature produce parameters that are indeed 'good', a simple best-of-n-restarts strategy with random starting points gives results that are never worse, but better in many cases.
An experiment
The Nelson-Siegel-Svensson model is widely used by central banks and other market participants as a model of the term structure of interest rates. Let y(τ) be the zero rate for maturity τ, then the model defines such a rate as
We will not discuss the details of the model here; see Nelson and Siegel (1987) , Svensson (1994) , or Gilli et al. (2010 
We constrain the parameters to the ranges
see Gilli et al. (2010) for a discussion. This optimisation problem typically has many local minima, so classical techniques based on derivatives of the objective function are not appropriate. But still, researchers and operators use such techniques. There exist various prescriptions for how to choose the starting value of an optimisation, see Gimeno and Nave (2009) or Manousopoulos and Michalopoulos (2009) . Here, as described in Manousopoulos and Michalopoulos (2009, p. 598) , we use starting points as fol-lows:
We tested other variants, but the results were essentially unchanged; R-code to replicate the experiment is given in the appendix. To demonstrate our point, we use the function nlminb from R's stats package (R Development Core Team, 2008) and fit model (2): so for each month, we have 18 observed zero rates, and we wish to obtain parameters such that Equation (1) closely approximates these rates. We try two optimisation strategies: firstly, we run an optimisation with 'good starting values' (the gsv strategy). We also run 100 optimisations with starting values that are randomly chosen from the feasible ranges, and then pick the best of these solutions; we call this the best-of-n (bon), strategy, here best-of-100. This may not seem a fair comparison: the computing time for bon will on average be 100 times greater than for gsv. Yet fast computation is never a goal in itself; it is a practical constraint. In other words, allowed computing time determines n. And here, 100 runs are not too expensive: they take less than 5 seconds in R 2.10.1 on an Intel p8700 (single core) at 2.53 GHz with 2 GB ram.
For each month, we so obtain a solution for gsv, and a solution for bon. Then, we compute the root mean squared error (rms) of every solution as
This equation is equivalent to our objective function, but it rescales the objective function to make the numerical results interpretable. In our data set, m is 18; we give all results in basis points (bp). Next, we compute the difference between the rms of the best solution of the 100 runs with random starting points, and the rms obtained with 'good starting values', ie, rms bon − rms gsv .
These differences are plotted in Figure 1 ; each dot shows the error difference for one month. If this difference is positive, the gsv run gave a better result than the bon run; if the difference is negative, the bon run was better. The maximum Error difference in basis points between best-of-100-restarts (bon) solutions and 'good starting value' (gsv) solutions. A negative difference means the best-of-100 strategy worked better; a positive difference (there is none) means the gsv strategy worked better. difference is 0.0 bp, thus the bon solutions were never worse than the gsv solutions. The minimum difference is 25.1 bp, so here the bon run yielded a solution with an error that was substantially smaller. Altogether, the improvements seem small in most cases, and we certainly need to judge their relevance from the view of a concrete application; but for instance the bid-ask spread for liquid government bonds like those of Germany is, in terms of yield, often only a fraction of one basis point.
Conclusion
In our example, 'good starting values' have lead to good solutions indeed, but the best-of-100-restarts strategy with random starting points gave results that were never worse, but better in many cases.
The important point is that trying different starting points does not cost us much. True, we need more computing time. Yet the fast solution from a single restart can only be obtained by trading off solution quality against speed. We need to judge with respect to our specific application how much computing time we can afford.
In any case, rerunning an optimisation with different starting values is a robustness check that should always be applied to optimisation routines. If different starting values lead to different solutions, then a multiple-restart strategy should always be preferred (we can always include the 'good starting point' in our set of starting values). Or better yet, we take it as a sign that alternative methods like heuristics (Gilli and Winker, 2009) 
A R code
The complete experiment, including the download of the data set from Diebold and Li (2006), can be replicated with the following code. -c (1 ,3 ,6 ,9 ,12 ,15 ,18 ,21 ,24 ,30 ,36 ,48 ,60 ,72 ,84 ,96 ,108 ,120 
# define Nelson --Siegel --S v e n s s o n model

